Our basic data structure

A mailbox tree on a finite set of natural number /| (m-tree on | for short) is a tree
T = (N, E) where:
» N C 2! is the set of nodes and () € N is the root the tree

» the cardinality of each node equals its level in T
» for any siblings X and Y, XN Y = () and X precedes if max X < max
» for each edge (X, Y) € E, X C Y and max Y ¢
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» N C 2! is the set of nodes and () € N is the root the tree

» the cardinality of each node equals its level in T
» for any siblings X and Y, XN Y = () and X precedes if max X < max
» for each edge (X, Y) € E, X C Y and max Y ¢

An m-tree T on [ is consistent when, for each level h > 0 of T,
U{X € T | Xis at level h} =

90/118



Growing trees

Given a natural number i and a tree T = (N, E) s.t. the elements of N are subsets of
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Growing trees

Given a natural number i and a tree T = (N, E) s.t. the elements of N are subsets of
numbers not including i

The ramification of T with / is the tree (T,i) = (N', E’) s.t.

N =NU{XU{i}|XeN} and E =EU{(V\{maxY},Y)| Y eN\{0}}

Proposition

Ramification is a commutative internal operation on m-trees.
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Assignments
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Assignments

Fix a mailbox M and a join pattern Jif v with J = i1 A0 A pp

Let o+ {1,..., p} — 2{1elMI} e

Let asgn(M, J) be the set of M-assignments for J, that is injective maps
{1,...,p} = {1,..., M|} such that (i) # 0 for all 1 < i < p.

An assignment = € asgn(M, J) is valid for the guard ~ if vo. is true
(with o, a choice of substitutions induced by )
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From m-trees to assignments

The assignment tree of a join pattern Jif v w.r.t. mailbox M 7 (M, Jif 7) is the pair
(T,a) where, letting | = c({1,...,p}) with c asin (2),

» T = (N, E) is the subtree up-to level p of r(({0},0),/) and

> the map of candidate assignments a: N — 228" (MyJ) s such that

a(X) = {2 € asgn(M,J) | 2 is valid for v and coda = X}

for each node X € N,
Then, Jif ~ is resolved in M if there is a leaf X in 7 (M, Jif v) such that a(X) # 0.

Theorem

For all = € asgn(M, J), cod= € 7 (M, Jif~).

Proof.
By induction on p using the definition of ramification. []
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Order, order!

An indexing sequence is a non-empty sequence 7 of pairwise-distinct and strictly
positive natural numbers
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Order, order!

An indexing sequence is a non-empty sequence 7 of pairwise-distinct and strictly
positive natural numbers

Given a sequence S and an indexing sequence Z = i3 - ... - i, such that 1 < i, < |S] for
each h, the Z-slice of § is the sequence S[Z] = S[i] - ... S|in]

The lexicographic order of a set S totally ordered by C, is the relation <., on
sequences in S* induced by the rules inductively defined as:

S <lex S sCs s#¢
€ Slex € 5+ Sjex S S’ 5-S Slex s Voze:
The length-biased lexicographic order <, is the relation induced by S S'e’f S’
cmplies
n=|S"1<1|S|  sortc(S)L-... n] <jex sortc(S) S| =|5]

S Sslex Sl
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Fair resolution

Given M and J = pi3 A ... A pp, let < be the total order on asgn(M, J) defined by

<" i (a(1) e 2(P) Siex (2'(1) 2 (P))

The fair resolution of 7 (M. Jifv) is the minimal assignment in a(X) wrt < where
is first node in a depth-first visit of the assignment tree 7 (M, Jif v) at level p whose
candidate assignment map a is non-empty.
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Fair join pattern matching

We define the following judgements
M, Jify Jif v exactly matches M via substitution o

M=, Jify J if v sparsely matches M via slice 7
M Jity ~~ T Jif~ fairly matches M via slice 7
by the following inference rules:

forallie {1,...,n} : pjo=m; ~o
mi-...Mp =, 1 /A A\ ppifry

M[I] =, Jity
M=, Jify

M, Jify forall Z': (M =4 Jify  implies 7 jex Z')
MEJity~T1
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Matching of join definitions
Theorem

Let J =1 A...App, then M |= Jif v ~~ T if and only if the fair resolution = of
(M, Jifv) is such that T = 2(1) - ... - 2(p).
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Matching of join definitions

Theorem

Let J =1 A...App, then M |= Jif v ~~ T if and only if the fair resolution = of
(M, Jifv) is such that T = 2(1) - ... - 2(p).

Let D = Jyif~q,...,J,if v, a sequence of join patterns and
Matches = {(Z,i) | i € {1,...,n} and M |= J;if v; ~ I}

Another judgement induced by the rule

(Z,i) € Matches  Y(Z',i") € Matches : T <qex I' or (I =gex Z' and i < ')
ME Jiifyq,.. dpify, ~ T,

It M = D ~~ Z,i then we say that D fairly matches mailbox M via slice 7 at i
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Implementing the tree-based algorithm

The basic data structure are matching trees
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Implementing the tree-based algorithm

The basic data structure are matching trees

used to computer assignment trees starting from the empty assignment tree

loop: incrementally extend the assignment tree in depth-first order
for each assignment of a node X at level of the pattern’s size
if the assignment satisfies the guard
» report the match
» remove the matched messages from the assignment tree
else
» prune X
» wait for a new message
» goto loop.
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